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Exact tensor completion using t-SVD 

Zemri Studscl Mamoer, IEE£, ShicMn A^rotv MBmbor. tSSE, 


AfeMM ms p^tf M toM cn pWtm c< comptioi of vrsys r^s fotsffV b u isrson) own Imod 

M/nplTQ Our tfifntffi is Qisttf OA i /tcirrUf pr^oMd M%or Vtkx DsujPiMtfUDo <i &VD] Q Uf r^ Oils Vtoruswi 

QM CIA riMiA ^ itris« r«v; b as M ISAM lubM rirK itovn te opuouisy p^^vtss vwir b bfl of rnspo tM. 

AfNsd Ircff SVO litf shov> m Q sam rnu^dfr^^stOAsI Ais. un as psmnp widso ^#4jaf>CM stfsofl loiu srsor aial rarP ana ¥ 1 % 
ji ihS|JB>bsfli MmpbiApMh antnMrmdom aa/nplnpcl ihs WasnviWPf aoJrfr^ saniUCfMawi 

pnv^iiP^civrAmnMsbsiSAtf nuosar ADTwaUMdM Mcornia fottwnnu^ilanifTiiinai rnnfc ir^s cvpusrmasracMiy 
■mvoiVsnsW9 as isaq a asr^is pr^pjaao 10 tv a^sss of tas43ft ia t SVO an ceasnad h> 01s our 

raLiu anuria na^ofDnai Ths oonaMaiMors^hfit risufiakaanMorpsnyariftOvt>ataoAey60Adihmrorbsrfttd\i: 
oornMswaw watia nofwtAcruAdar tf>a alpanwsoi ac<i 8VCt Wssoaov p varfa L aof tfvaipsnhngiacAvrsJ 
aiisoo aM amptn#ii*itvolvr aaifV9aiBMeoaQsada isnooraunt^ aM T^^daaarApcsw 

Ma Tms ^Tsam ttsrfMc^ sampAr^ aM necuafy. OQAia; 


1 iNTftOAUCThdN 


D ais tfv lh# fj?v> oi nvutttdo?vtf\sanal smy nuirv^ 
bn¥, slio lu so f^rwf^ srisa nstwsliy irv 

s nujnbo'f ifi acemsrWB &scj\ifry ^hasoro uraJor Lirv^ 
iltfd nurvha (iJ asssucasvafnb^ ij ati o>purt&jit p^Usrv 
HhicK srbc4 a s vtnoty sppHpsfwns. surh sj ro^ 
(tfnmtfndstkjn »y»Mn» nducWrv Q 

ffuilti^dsoolosnuij^ (S.dsfa ajuij^ Q. B end covnputer 

vljka (3. B 

elrstef){ia For aapiifij snd rm9v%(y 
hssvily (jadw frajewwwkuad lu rs^alsnslgfefbnf 
obuefcm a the dsb. nunety a ioa^no/k tactonasbtff 
daj?Tp(e h^r dw studied cbse oi ensn^ 

nvder^J Visof ^ cvn\plefara. a randnip oajnplm^ ante^. 
wh^ b maJ^renf with r^tpvct tfl the ieh snd right 
aa^fiiiar %ndnvs In the SW» have ahmin to be T>esfly 
ttjkHmMi ^ bswA u( ssmplipjg coippbbty MceMVer it (S 
alwer that a ompubbunally fesnhle method bseed jtv 
ffururruani^ the ruarJess r\Dm (a a <wex aaffn^^ab Nir 
lu^ rank) b julbrvr^ har rwovey HPl TTTI For bnaon 
rd sder hl^lws then 2. the hindiemsital aJ^ebnb 
lorUabun namety CANOECOMF/PAlUfAClCr) Qg. 
which derD9pis»€s s bnaor s^ a mitti rank^l tednra 
eVTv be used Hnwever diuee are knuwn cooiputalejnal 

ffid lU-pMdjvae laua with O* (Ql Othtf kin^ (d 
decMnfatfitMna aurh a TLtfk0. HieftrchucsI^Tuchs (H« 
TurW) and Imur Train (TTl (TT] see alao shown to 
rei'esl the aJ^pArve atnicture 0*1 the data with the rurbrm 
(d TV\k e^r\ded Id the nuhovi u( a ffvuJtKsnk. eApfeewd 


9 £im4 AneM aMM <Vre« siv #«** ii^ rv^nase 

^ Cmfikit tMfitMhMf, Mj UiieajW|> MA «?)Jf 

lau e^ a ^ rW fHSf p^t UMU 

I Tau bmiauluy uhmb fwa MemaeMaiK al MaJbiiauv 
aa Oti ftesaei at biUr dim«ssbeil %¥<\m 

as M 9rUj 0l JlarAaall^ P) 


as • vorior ct ranks of 6m iacturs m the contracted repr^ 
sAtatiorv u:an|(OtttnA pnidoct ataUK Approaches haj^d 
on Tucker deco01 poatm work by the t0\A^in 

vaflMM wsys^ nihyr|firrtl)‘ en^Uivin^ the thoirv and 
methods ^rrr nwtrln cumplcfbrrrv aee tor eAornple Q3|» 
ESI 


[n this paper we cunaidar ssmpbnig and reorver^ hir V 
rd order usmj Ihe teruo^VD (hdVD) propx^d 

in (T| as s rvb^ra^'esLn^ ^actonastMn sod expkobrd in 
B probltfD of Video raoiver^' triMrv misbn^ pckeic 
In this paper we derrve thaorebcat perforuisnce bow>ds 
kn rviwccY under the aettuig ot Q iWO is 
bally based rei s ^^up thaorebc approach where the 
miahlduiwnaKinaJ sbucture is urusveJed bv onatructln^ 
jnjo^nn^ skin^ the tsisor hbers [17^ The advents^ 
o^su^ an approach over the eK^tlng approach^ is that 
the nsubhna^ al^bfs and onaJyMS la i^^ry close to that of 
maMk aJp^bra and analysis in particul^ our wock>w 
been ^frastly inspired by Qij and it homa out the o'lain 
tool aimeiy tlw Murv^wnubUVe Bemslein liwquality 
fNtll) is qIm helptol tn denvoif; our r^ulb We prove 
that we an perfectly racovera bnsor iiF siae \ ni> r^^ 
wrth rvik r under "hSVO» also re^wred to as the tubah 
rank (see SecUsi by tfdvin| a snvex opbmkatloc 
pniblem^ ^^rninj bn(|ni * ns Ins)) sanvptvi In 

order to our ronlribumw we now go over 

related winken toisoc nanpbUsi iMiy dlHeroit terwoc 
lactufuabona mtuS conbasl o\jr findffvjp willi e^Abnj^ 
bbrsbm* 


^ Ca teu ^ isbmi ol tUmy at rspoyUaa. ui^r waMl 
ssMwtf W|fvu|i ^iAar<MsUueird oulstc^HUcp-supa vuuUJaals 
^srlaabM tesMiOotb Q] MneviMrsa U^rMlb p«ai«KM Krw 
bate uwx^iAr a^sui us sjaw^tems 

4W rlM eiMcOv ^^Icste^ 
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TABLE 1 A hstoOf oiffiplehfv nvthc^* 




^VfmsrVTRBTPWV^ 

iM-dMlTHIlMSt i4S0 H9 M*Hf 


TH^- 


<^ii kiT 17 rud t 

u;a 



Oiii' >>' ..' m 

kAMI^ Ibldl 
sJbOi 



^ 1U^ eo4 V e ,' — 




l* t fA 

Tl^ili Inrfii if 1 1 THa i r 

irCT 



aVth.MMal 


TTSTS^C;- 

rank r 

ryfT' T 


1J Related VWH 

Ap^ Irom I^SVD, thfiv m o^unlv two tvpt^ ^ Idw« 
r^nk bfnsoc <onipl^borv mgO>t><i< cum JfvW 0*1 ihe 
hm. fn^thodd t)ut m bei^ oa the LP mi thooe 

ajv bMd on the ToeW dccomptt(bu«w TW 
plinpffwthodj ovhjde rondMn do^a^raAjrxpbn^.^&uuatf 
jnd ed^ttve leoplon^ We iuj?u?\^rue 
thew in Tdble Q IMow w« vdU pronde drUiU 

Ka Mdi uF lhe«e stethods 

I ! > ?«nsor CcHTiOiiMo i> 6<$e0 oiT CP MeotryoMlDn 
The O’ densi^totftun o< ^ teraoe X - ||<> ^'<’ ’ '• ii^ 
mJer A e* given by, 

X .»;•>' K«^s'. (1) 

>*) 

where p JtftoB Ihe vertw kiuWr pruduirt [T?] The 
•mftUeet L In sudr t}ul CquaBiei |t) huJ^ a celled the 
CP rank o< a '~‘ 

Supp<M We MBtple X al the set 0 ^ udwa in e set 
M La ^ Lhe vthogDnal projeirbon unV II Ttoi [3 
bib tB cdinptete the ttnsoc by tulwg the ULneing 
iipnfruuban pn>blrfn, 

bmii/^iu- 5^x]'ox;''i|}-.\2 ]V|k;* ij 

f •i f♦i•• I 

( 2 ) 

bhere k ^ (I (A the refpilaru&bm peremetee Ho^^ever. 
thlj jppmdv hto scvtfaJ drewbvL^ 'fW optunleetinn 
peubisn n ieeiHunvex ond he^ice only bnl nufuma carv 
be |^uerdfotM*d turtlM. tut praetKaJ pnblnnA it ie ctttfv 
nenpuUbonaity Jltbcult to detwoiM the CR rank cr 
tl« b^t low rank Q appnwKBnataKi ui a ^emir deb 
beforehand 

llecsvtJv in 03 tl« authm show that tl»v can leciK'ar 
/I « /I « /I ^yientlrti* teneoa ^Ih Cf rank r nak^tly 
bum fil raf^Mnlv wnpM under 

aCanderd jvohenew cundihieia on the tewixea A teneor 
y . ^4* v«v ^ olbd evmmebv in the CV kmat U rb 

C^derooipoeihun hej the fanrat % s ^ rr<iti<9iir9U<i. 

< ) 

9»here ^ R" ^Ih iiurl s X They proved that theo 
oiethoda ymU rmver^nce Althuujh dte aulhnra 


abawd that theb wulb gvwraiUe cmXv to hendJe niev^ 

aymnrtnc tonaora and hi|(h^Mder bnarea. there is no 
eipbot faauit Mippurtffip thb cielM and d ts unebar how 
tu ntond the reeutt tu ^ujieiaJ tensors 


f T»$or gofftpbton Seaed or> Tuoker D^compo^ 
tfOO 

Lto ft d QT] pTopraed toronr coo^eten based on 
fninimtain^ tensor n*iMi\k ov Turker DecoorpoaiUon hjr* 
mek wbtffa the metn>; rank ei mod^N oiatncuatiorv 
ut a ts'isor SpartbealXv. usoi^ the rrtftn^ tiuclear nurm 
inshsed nt rrwtrU ranhe they are trying to soK'e the 
prubbrn as 

V 

>¥’11 .. 

wb)ertBJ aPljlXj 

wherv X,„ h the owde-N mebdeuetKm ol X vd ri, are 
pretended<vnstajiBMtl*lyirtg<i, ’Hend^'. ,o, & 1 
!• altf h« sev nl diawh vLx. 1'ha« la ro epoa^ way oo 
how to fhwinr weighbt i>, and lumnaUy unejiift choMs 
one beat iruBviaatHar arTnidin^t to the leiulh, which 
tunw lo a vaBix rvaplebvi prubleni 1l i> not applicable 
Id haghei-ofileT tmxira since no me Inowa hnw to 
amtfpi each it, Alao ther e la no theoiebcaJ guarvilen 
0 ^ Ivw siany ruiBtbtf oi ampl^ ai« ivqiued fee e>v 1 
mmery 

There are mow trmdJwd vMetora ul this pnibt^n 
g4J changed the aliwe cuoiplexitv Wrsi V the nxivea 
envelop rd canlinablv fuiwUiai oi Ni^ubr value v Aton, 
which a piwed » be a hghter convex relnMnun ol 
Ihe ImMe n^onk cuinpaied Id Ihe ahove approach 
Hw approach uas the Altonahng DUeebon Method ol 
MuJbplwrt (A1>MM) hir gte^ conv 0 ^ew« guarantee 
Huai^ et aL QS) *olv«d tlw lallowl^ convex pro* 
ipvn, which esn be feganled ts the conhlnabon ol 
Ihe malm mcnpleBon a^ llw oulrti ftobuaf PrtnSpal 
Looipmwil AaftlyMj (KPC A), when exbstdad B the rase 
0 < Bnaora, 


11^1' - Jiiilp- Jisif 

at yt.a-ti s a 
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Thsy u^ir>«d Tmsor Inmliefittit CnndiUm (TtO 

ncDV^ of tsnwjn n, $ V * 

whtfT fi|^' : ats^fVi (I tt Mo^haUy a dnrt 

fxhfntim cC man^ onvpUtMn ^oirv ^or mcK aod^ 
^ Mbiruabon ttfnadr l}vV appl^ l}te oubiA 

ff>cDl\ 0 vn( cxmdibon qj^ aboufvd TK^ 

fvumb^ oi umplA jMded <uv have 

the odfne ^ocm as aabiA itwyk^on result A drawba^ 
(d this appmod) b that the bnsnr rMd^ to the 

TIC lA t}v uA/olduij^ cl evny mode 

Ia Q3 Mu et el proposed a ddloent svethod tor 
laiMr cMPpleUon /or a tetisor badi low Tucker rank 
under Leusstar oiaauifiius)bi mshrad <)! rajtdDm aam^ 
TW cure idea es to nerKspe a nvutH^orvoutonal 
teMr X F jiUj a Otttnx X,,. ^ 

It**' and apply n\atn» cuoiplebr>r> on )t h 

arv be shown cmIv d X ^ a bw-rv\k ttfMc fb dthrr 
CT or TlcIw jom). X|,. wiU be a low^rank matron Tt%rf 
showed trill ha CP rank r, th^i m > wtU be 

Mibbcitfvt tD fvra</er the orv^Aal Imaor UXn haaTud^s 
rajikinr .rl th^ m b MihMa Aa 

fW wtd alww lata on. a tiuid onJo lensur t la rd 
CP rank r« dm ib taunr rank n also at oirta r 

So tn thta sense li meoju tor oiy thinJ^rdev tensor with 
low CP rank, we cw recover il ben rojidvrv aatnplo 
uetfv^ dlls hSVD atructiire Further ui^ tetduiJque cvi be 
eAlended to hlf}ter-oTdG toruoca V 0 y toslly ilivm arv 
At ^ nj\ * f^K twsorune cvi mdiape rt tD/onn a thirds 
reder tenaor uF sue to i ns t s I ^ tiA i) > ojid 
then use wr ftaovewerb for tomor cumplsUon )i 
9 A tor all A dioiAelons thwi It foUowa trom 
oiaoi roevdb that medAuremervb 

are euMctent 0 iouf;h for naroeerv 

i TMSOf CcfT^ffiecorf \^6 Adspovt Sswpiing 

Knohnamurthy and Eli develop s tAsorcuoipfo 

brm appn^h besud cn tta adaptove amptag 'Ihe key 
iJu IS to predict die soi^ruJar subepace pvei the 

saoipluiau^tavsor. and recurtvvt4%' update thsaubspece 
d a newly aampkd su^tavsre 1 m <rut <rt it They pnwed 
that <Ar?r' r> adapbvtly JeM 0 i samples are fufK« 
emt lor rxM rsiH'erv w>m dw tawr ^ ^ Ci^ rank 
^ Tids approach eal 0 ids the mabv; complcbon madiod 
li> the tensor Me aito yteU e tighter hound with sdy 
udkoroi tocuherency cunditirais 

Orgenlselton ol toe peper 

ThM paper is or^anlted os toltows ^UsiQlAmductt 
aome rvotahons and prebmmanA oi tensors, whse we 
deAned aewal oJ^brak stnktuM o^ dilrd^rder ten« 
aors In SecUrw Q w^ doive the nwoi result un tensor 
cianpleUa and |pve cut die pnivabJe buund usaiij 
SVD We pnjvtoe die foil prta erv dectMn v>d we 
r«pin emptfloal and nuwdeat mulU m fidsi 
Rnally we outhne urvptuatam o/ the work and hiture 
resM^ to ^cbon @ 


2 N OTkTI ONS AND FAC LIUINAFtlES 
Bbtae we ^itf^ to the aiain /etedt, wo need to go iwer 
the nutsduns uaed in ttua p^er Some ol die notetkm 
and debnitnvis ut tensora ore dlscureod in |2J» [T|. (7{ 
and sisne notabuns are r>ovd m this aeeben 

Tteiaura are repnswnted in bold script foo^ For 
instave« a tturd^viJer l^isor la rupretfvtod aa A. and 
its n ) i)ih oilry ts repnswnted as A,,^ Moreover* a 
tensor tube beue X r 1 x rij ladeioM m A. and a tensor 
cukunn cl llse n i ^ I « nj will be b Is a tkrvsor whldv 
u obtStoed by tskirvii the Fast Fourio Trans/orv (FFD 
aksiij die thbd mode ct JL For a cior^oct notatxun we 
Will use ths fullowai|| comnsvttav tor feuner nnatorm 
abain ths M dlnmsion^ A ^ /etiA. [| Jl In the 
Fashion, one an abu cisnpute A horn A vis 
1 i i e iA 11. uainj the iavac PFT 

The ith buntoJ sWe ct A ts detowd a A* "* Fieqtmtly 
we wtU dbo ae ths tolfowinj notaUsi A'" $ A( . r| 
iu denote hxifi|( ol a particular todeA and rollerUnj^ ths 
porhculor Ace/hber ot the toaor StoUJorly. A n the 
idi bitotol slice uf A 

OefiniHorv U* ^Tbiaor ^/Mspoae) Tto amp^o^ tftor> 

ptaafa tatojr A A iS Hv njKni^m tvrborA^ 

ekfwrvif fo caop^yxe Xronapam^ adi ito /ninta/ sFm 
X iteb rtovrajap Xto an^n rf frarapa^ tooie 3 dimj|k 


y 

V 


t Csn 0 ^ third-order teaoa ttfuair tube and Isj^oc 
column 

One an dehns the hpodta beiwan two tsair^ by 
inboductnp; a ccmniutetive operabrev wfoch Is orciilsr 
cwulubon 9 to r>ur ase^ a foltowA 

Oeflnttioo 2 ^ 7 te f^pnafiid A • S ii/A F 

til,«W 2 e K") 9 AnrV) s a n, Maer 

U'htov lu^lXk teto b {ttei bv 

i., =eii.j. ) s J^Ale *. LSI*.;. 1 (5) 

U'tore « (knota dw nxTbkr arakakve brtom tae tokos 

of Mr 

A 3-D bsisiir (d sics ni « nj « nj an be viewed os arv 
nj X Ai oiabiA u4 toba which Ue in the thlid^forv^vsiuru 
do die hpnidat at two tensors con be rr^^orded a a 
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ffiaMx^matm muiUpUcaUon. n\.vpt hr the ^erfttwv 

betwetfv f>Uff\ben bi rv^taced by airuiaf cotiviJutim 
beh^ew tubisi 

Dduubon 2J. itdarhty Umori Th ^ntOy MMr 
y ^ g h> be 4 mtor (Hibw ff^rrM 

ifi the rv( s Qi 4t^ttfy ittftrtf erW e/7 dJtJtfr /nrtW 
bfe^ 3 ^*\x s X . .T19 itfe 

Defifi(tMfv 2.^ 40riho;fMiit tfUM/r^0 A lm«or ^ « 
s i/rthq^uvu/ ff tt Mbefm 

o' .0^ Q.O' B J ( 6 ) 

Dduubon Xa. (Block lUagCBtiJ farm of tSii^r^r 
tfiuorf Ln H ilemte (Nr bktJi-Jiaxwil >a«rru tkr tvtvo' 
a' \f\ the fuoner kmvrut, ia. 

Jl k UodJajnJi'i 


1/ if s»y ra fvi/y (iW CfK Mtci wMnx ^ A* ef 

1^(10/ M hnm^w Mu bMr* A^iwsM aiHm ef A 

(« 

Rrautk XV nr hriP bf uwd Chniuy^ oU 
W/ur PsrHoyrtittwA « M 19 « 

or Jiww 

A.VTt^TlS • e 

'ITie (-product aUowi la Is Mmr e toi^ulor 

VaJue DrnnnpufiBsi <t*SVD^ Wf nccO «rw inorr detl* 
nJIkjn Id >ae t}a dmsnpMBm 

DdiAibon 2A tf-JiogoBol (rnsorj A tCHfU' A a siZT^ 
f-JidgVia! if scfr fniitUi sliu A‘" li d iH^uvuM irvhix. 

DduubonX?. fTeoocr SmjHior iUw Docotapeidieo' 
l~BVDI fur M e K"'' *• **>, Ibt hSVD ofMa ,^tn by 

M^U.i.V* (V> 

lUi^rre U >nul V on urflvfimfll irrucn uf aar n 1 ■ m ■ nj 
mi nj < Nj ^ nj mpUMUly But vitn/tfulMr /liiu^fw/ 
IroAv d/ac< ni ■ ^u * Xk. Mu nlrvj w 8 4rd eiiW 
ewya^ twCvrs <1/ M. • Jmita Ibr f-piv^va hrrt, 

Ooe can r^Bin Ihla by <oBtpudJi|j bu> 

bUSVDvin Ihc FmmrrdomaBi, icr Al|pnthfn 1, whrrr 
Ihe Ihc dJ^mlhtr a [$tvsi fee 0 jtfirral order .V bmic 
obtained by rmnrivriy applwf; the Pociner Imslonn 
o\'ef rug^ave dimaModa CSl Bf^re 0111 astrote the 
decutnpKJCilisi lor Ihe css 

Baed on I'BVU one esn d^ne se^'nl noBma 0 ^ ranfc 

Oefinitaon ** * (Tmor oalli rwtk and M/ul roukl 
Tit fr)B«ir rtucln nin* uf a tmaar A f It*' **<•** g a cater 


Algarilhsi 1 t'SVD 

Inpub ?»< e fc-'*- •"• 

L s n^K nw 
= W 

(ot r . ,t rn .S do 

13 tfira.il il, 

end lot 

lot r — ) lu L do 

LU.S.VswWOi '. 0 ) 

Uf •,») =tJ, 81 a ) = S V(.,, il = V, 

end tar 

lot r - 1 lu >v da 

itftlU.||.iJ. If-V^iiftlV (I,iJ; 

end lot 

§ 

X Tlte I^VD ul VI11) s nj I n, tmsor 

r f k*'" tiUlii| Chr ill rtu id w l eijuiit Si tkr rank of tCh 
AosOj liitt of X Jl Paiyrur ^mtur TV tenwr tahaJ rael 
r if Au Ubethe nondrr 1^ rwn-irn> iifiyblitr tate» 
of & sVie 8 roiw/tun (V (•ik'D .^A AaU.fi.V' 
An atJ oj alrae drfinitioi’ of HitaJ rank a tktt tl u iV li\r^u 
tsrd i^atJ clrr^ualuJ fJiee 1^ A, rtadt r s 

if u wy s Iktrd unlar (mi* A g iM *fail raitk. it iiiMrU 
r s f<ini(n),nj) 

Reiurk XX II n uiaeUy Ijfiiaent » eamyiite JJv retuaS 
CMMUti I'&VD lUio^ Mr Iriuv luVI-tunb U'a itetrr 
ani oKn eejnjBntal for alnnf|r In deUtis, aiyppafr *M g 
x.,«., ^ tah/f«d r, cVn Mr r^iaa/ r-SVD 


uf V a gmn iy 

MeU. 8 >V' n<n 

uiVreU «!*'•'••• aniVg ■*"'••• atWj^yU’.U = 


9.v'*Vs) 8aa J-dmgetitI ten«ar uf titr r ■ r « ns 
n<i ftioeri coWn vf l~SVD wJI V aard tiuwgkaiil Mu 
paper i«n^ uMvniw ntal. 

Reiurk X3 tfUlaliot lo CP dtaj wpau Ueel duppitue 
s ntutfr A ‘ nvt r M US CP 

drruto pant nut g yiuett by 

Aoj^o'‘'aa';>oa\'' 

uVre F k**,t s I. XX Thm ue can m cVr da 
tawr A ysbtM g u^Uriwd by htbo^ Mr Pf? ateny da duti 
dmuosKM ef A Vs Mr irroipiusinon us fePetn. 

ri» idj iJi 

4 | 9 A^ QA, 

af I 


€C* 


(n 
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l^ere s 1,3. .r A CP f^nk 

^ ijfJ 8M efitf ii llv 6iJ«r ivAk^l ffuMca. 

« tfiv cf ffiftrt^ ib££ 4/ Wirt) r mbqj rf y 
itftk^ i» ^ Nirti T. ^h£Jt iy fMjr (uM ^fd i» 4l^ 

p 

DdAibon 2.9. Ilaume of l/atetl The mteK ’ of a terM' 

A e ft*'*' '* tt uyyHrn « A ‘ vfi^rrrf 

A '.A^A.A ' sJ m) 

ivkm 3 13 fh tJfwiit^ fetuor d letf n » n ■ nv 

Oduiibon 2.10. fTnuor 9pnlofi Trur iqsniP'S iHr 
touaW iiy ^{j^rvpftic /rr^a iupfoe C |t*> **>•*> -. 
!)'•*'>**> a s m»r upmifur nr ni t n, t itj 

anajt A U> en n« ■ nj ■ m tewr S tw Cb hpmJml « 

lUim. 

>tB£fS)B£.l9 (12] 



h es 


t'lg 3' I'he colao&n bw(a tj aid tube boala i, 'Hk hlflek 

inib» an 1 , |p«y uid whfB cub« an 0 Hie white cub» 

aUrid fot the poteidai aiO^ that niuld be 1 


ukm £ If an nj ■ Ilk ■»« VitvK d Hr^inTnt »ihr 

fulhjwitg flfitfliiM. k4cfc Jm io the FeurwrtAaitwifl of 

A ZS (U) 


infers A « £•'•»••••», E g £••■»••••' ,S g £*'*•■•»■» 

bjiieh M Ueek Jvgoinl mtHnea 

0RMik 24. tor 3 tfOMT optmtiir did (-pnkfiiat Mied m 

g uf ere lUr to tJ Ottu the e^oteaktil firm m 

wr donMin On l)v afkrr hrmi lot w stAi rnMiiim 
m eferttji it\ f^oHiiet AMWn Mcir n> Iht errgtrmJ dmuin •» 
fveM, 

DdiAitMn llnim prvdud of tensoiot If A rml 29 
Ufv tikirj-cstfer iewrg ef aim aat m x nj > ns. itev ite 
enw p'mtoeJ hrhevn A rnJ S s n the fatioomig, 

(A 9) n —mce^S :i) n ft (U) 

" I 

where l/n^ cuBiea bum the oimaltaaUiB cnnabnl rd 
the rt'T Ihe lewMi that thaa irmei product preduoet a 
f«aJ-vatued rMitl cioi^ hm the roorugole ayvimrle 
prupaty of the FPT 

Dduuben X12. rSteitiWJ tenaoi boat* osJ 2he rene- 
^oitdiiif dftomp«mtiaot Wf mfruJoee 2 aHmitnl m»ir 
h^o hen TTv Unt .ew a eaPel cobme bosta r, uf use 
n 11 a nj UCb cft entry e^uolmg ) iMd the rml e^lurg 

ten ^t>«ae*, the numru entry 1 BiU only eppeur et tIvf/U 
fnmtal »Jn tf & KUtorMFy tw^BUir r, it ailed rvw 
bOMia TTw ot^ ihedarj Uiber Iwfia u aHei ttbe bosir 
ii of eHe 1 I I ■ nj Kith inte entry cqtMfn^f Jo j iMd reM 
h 0 Pipirv^dTiufrUes thtt 2 has 

And one on chtaan a unR tBisor E with the unJy run* 

Mfu oitry equolif^ ta I kla ttw htUowBi^ 

£s4, .2, .*,' (IS) 


Ctvei any third leder FsmvX g ft 
the foUmvine denonposISun 


we have 


<sl>-ll-l 

^e pruof 0 auidi a decuinpoalion la tnip^Horward 
tirve ^ • ij .X) will pvc nut the nut value td 
X,. 

variety ot ruve) mmia defined si te n a uis wtU be 
d^ined in the Ulowdig l^^e omw wdl be iMd 
thruujihuut ihe proot ol our inaln theurenu 

Definition 211. <1;. norm of teoavr roCnwirl ie! i he 
un n, > I > nj n«w bihwnn. ae defre an tf. num on U 
m Mhm 


- = tZEi- 

' 'S»*s. 


(161 


Mumiwr &« htme the foOoemg felAbinslop betnen Mu fj. 
neem of f omi tU FPT doa* ^ Jimenwi f- 


IlHa' 

i/n. 


n 7 i 


uleere Ifm tf the nu'itwiuetiiNi tonstad 


Definition 214 tTnoor ftrobnniif oonrl TTe naUrAl 
riulviuu num cTw inner prmlorl ^t\al ohaae is gtoen 

Mll^ = IA,A,>'^^^\\Ay = 

Definilioe 21&. (Tenaor larctear eono) Jlv UiUO* nil* 
etsir «inn uf 3 lenatr A i3 il^nnf in CTI . Jenoteil 33 
tA|| r.vM. s the eun of iapihtr tieltm u/dIHv fitiitteJ dnea 
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I 


9( j), dnif a pnind n> te tf*r <^Wn( mPB /r^aaboa n> M 
riiwn uf the tewr muJo-rvi 0 In 

lW|rv> » ItSi- < 1 ») 

OduKlion Llfc. fTnM/r tpretrul ncrv/ 7^ ffnsr 
^PCFnt^ nuTKf |X|| of t (Jurdurcbr MvtmJr A S ^na/ W 
Jurj^ amgiikr K/itf </ A Moirufrr. 

\\A\\ i ;A| OV> 

(mwr a^KfrM mrsi u /A e^Ms tv «Wnx tpreiftl 

oiwm Ilf A 

DduutMfi 2.17. (T^Ttsar efftrater oonn) £ 0 

I tr«or e^mJov iJmi Iht Jfervtut nvrm L n i^ivd 4 t 

fuUuun 

ii£iu s fvp iicam/ W 

XKII..1 

tihey H o/naafnn hnJk mMm eaar Spmiat Am •« np'r' 
aiejU hi tfv ti^rvw nnm 1 / U« tnw effntbn 11 oiii tv 
frpmentfd as a mar £ f'frroduet T CtX > s £ • X Ttm 
lull., s il£|i 

Ddiniban 2 . 1 L dmar iirffaity nnrTnJ Ttk' triuer in* 
i^nrty '*vr«i ||A |. b itefiird ua /ia/tun 

||AU anuu A,,.i <ni 

• I • 

ivtitfti tf Utr rnhy MhM of A 


i Main H£Slilt 

3.1 Tamer Compleittn with Random SunpUng 
in this * v i,lK i we wiU tonneHy deftne the m*ot nun* 
pleUim pfuhlrot wuh rendooi mb^Uji^ t'w s jivtfi 
ttunJ-urder twwor M - !(*>**>"'> Jf FubalTvik r, and 
MippfBC there etc 01 sibta uf M aits unpJvd aadrdan j 
&> the &eTtiouJL model, which maene eMh sitry 01 the 
toaiic ta smplffd Mth fBofaobtbty /i Mepeiderl 
uthen The task of Ivneoc cumpleBuev pioblrm is V 
fvniver M trMn the ubeen'rd enirlee 

In t>iM w« fellow the epproeiii taken in Q 

whkh tealv A the taUiMiUg oovei n^mazalmn pnibl«n 
tor teiHOr complettoa 


KXlIrnv 

sob^ Id X,i - M, , 4 . u. j. kj ^ It 


<Z 2 ) 


wh0T 11 te the H* ut u^rs'rd enbis Wa wUI analyu 
tt« naLfiam roodttlorw ur^ec whlrh Ihe uplmwl sriu* 
bv «> C?l s equal to 

Oae deBrubun u lequJfed htdiec we etale the main 
ramjt Sioidacly lo Ihe maDtx aimptelMn case, ivwvvery 
u hopeldH it ntf ut dw enbwa are ^uoJ tu bad flTH 
Rir Cnaor cumplebun. Ihe feci la thot it feneoc M imly 
Iws a few sitrlA whidt are ruit equal lu «n> ared M 
IJ*A*V :!btbe dw reduced t*SVD oC M. then the 
em julae MAm U and V wtU be hifjhly rrmcentrafed Su 
burrowoi^ Ihe idea ol the tenav cnluomsi Ui .• 1 
end Vi • I I : I 2 r n^d tu he suldnAUly spre^. 


which meajH it dwuld be uncDTrelahtd with the standard 
lenaoe 'RUa tdA mubvalA dw tuUowU^ tMnlafJ 
tensor mitfifive fer Wnam 


OefinitioD 3.1. tSbrattnt Tmbir lixutvnnl CathftLoot 
let rfe mteud KSVO ef a fewr V>iU.8>v' Mu 
UkJ th vtnAdA/d tefttor ovoh 0 «it afndjbvi. j/ 

rufi />g > 0 iyrk 



u*hert r. 0 til • 1 • nj YtUt un s i a/vJ 

i, 9 Om Ai X i X fij cjiumn Wm^ MJit ijn ^ t 


Noh^ the ^ ee t eduffvnl by bie rase 

wheri Mdv Imidr ciJumA u, s Ui i 1 has entri^ w^lh 
fnj^(ni(uile X ^ n|A^ 10 eedv (aud^pdIudvi 9 ^ & V( d I 
lue efiMs With 1/j 

ble vaJue nt pn u suAln^ when ooe of the 

cukUMs U ij equftJ to the itaj^decd Wf\jnr rohimA 
besle €t Mth tow ejcK Bitry M 0 euppcbigd to 
cseT\ eppfiADttlvJy ibsus effururt oX iAh;innjtii0i 
Ifi 09 fnatnx cuoiplefbon ajMtKcr |oic\t 
liBjeiice cundfUiB u needed, whldi is to bound the cnex^ 
iffikon Bvby 1 , whsfe i end I* dje Mmi the SVO 
of mebu M s X'5r Hinvev«f. thtt puvt lOcohe^Bw 
cmditm 0 ftff^eeded kAoihJib^'s v>d oeibtoHve QQ 
rBOiK'e lKl» )obit iocn>wr«nce by Un40^ the 
^ % j oofw lo ]jet a bound in the dual ce/bheato 

xhfp Crv cuf tensor cnropleboo cam. we ^pply this idee 

on tvnaocb and aum^eihiOy avnd Ihe ^Int incDhemw 

CVldl^W 

Now we will state oar main rveutt 


Ttieoraoi 31. SorTVe' M u re n. • nr > nj Muo* and 
Its redoted hSk^I^ is ftfrn hvM sU*8*V Mviv 
U f !!•.«'•-., Sf ►'•"•< eeJ V ? Sup^nwe 

M asro^ Uvshw^rJ Muo* inuiftrrenl uedjtrue^^ rttk 
parvorrl rr ;i„ > 0 T/vrr (fete rufi auuteoN c^,ti.ti > H 
«t«h fear r/ 


'^n M tt Ub ua^w fcjfvrtuter Ni ufe proMuZily rV 

/atef 1 -e,((n, *aj)n,1 '* 

The sampltng vo^ wc ise Iwra u ttw BsnouJl 
model TTiAa are some other widely uaed modela ir^ 
elude ecotplln^ with or wtdwul eeplacesiAi. matru 
complehin the racuverv guatantoM fer dithoani otoJeb 
are ciewlatent, with ont) a clunjje ol dw constant lactDcs 
laclursCPl. DPI ipfe be)we a sarular rvsuJl holda lor 
tenanrs, and the analysis is In piuf^msi 

Note that W*e bornrwed some idea rd Ihe maBv 
cutnpbteei tn imv foonl i>l Theorasi HoweVKc, the 
technique at the proof is not aa smij^tforward aa the 
matna compfeteei wa FlrW rd alL we are aamplm^ in 
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? 


the ccij^oJ donufli* but ihe t0\A0^ nurJear oom (TKN) 
u de&j^ \n the FiMsier duBuirv In fset let 
d«wte the wne su t»Mr ^ 2 wtlh 
iJ 11 j 6 13 Qjid i0u iH}v/H^be on be 

i'e^Tithev ej 

■|d IWItav 

And il u equivaJtfil to the toQowUi^ 

T «l- ,a, 

eub|wthjT>» A . 

whtfT 7 ts e cnapplinj whirK cnap9 a Mjd cede/ heisur 
« to 2^ Qj>d 7 ^ )e lb mv Ae treftttorm Now the ^«ve 
pcubltfv b e otttriA <ocnpietton pfubleoi undcf hjir&r 
cimeniAt and (t it cunrptotriy dehned bi Ihe Fourier 
ducruffv Howv\* 0 v in»bed ot denying die ^vable 
cuvery condllKeu tortheroiduvn Unear uperttof 7W ' 
elJ»wbe 01 the Fimsm dieruljv bi dil» ptprr we will 
HuteK toJIow the onnjyM to (Q]. Q| end iffipUdtly 
renwery guararb eet lor the canduoi eempUng 

operehe 

iibimpurt&nt tii note that under dieruidimeampUng 
die tontor. the problern d^t not cedm to e]ic^ 
Wbe oiatriA convptebon under random MJ?vphA|( ov the 
Fuurter duoitirv aoue die oieatureowrdi ore onjpJed 
However But it oideed dvecete f^wJvm toM 
PIL which dueeaepatato iniDindividiiaJ oitbixcooipl^ 
randuTTi aornploin ffv the Puioier domaoi ta we 
deecTibe next 


23 Temor Complelton with Random Tubal Sutk 
pling 

Afiothtf wev to aereple the tontor it to pertonrv randuirv 
le adopbte tuboi etfnpLn|| ta conodei^ oi on ope m rv^ 
mg paper Qij tor Angerprtotmg eppliaUw we 

wOl ruoinitfvt on the renduvn hibel eempUng tnttead (d 
rendiMrJy aeoiple erMet uF a dUtd^rdrr boitor M a» 
above« one lv randovOy aanvpie hoiaor tubea along the 
thlfd dimAeJorw LW een ute the toUowoig optunbatinrv 
alj^rithm ^or i'ecu\eroig die tAior 


mTKA 


^ w 

eob|ert to • W^t* ^ ihks l, 2. n^. 


whtfT II b dw ato (d (^een'ed ii it MV to see 

the! eoivlfig dile opbiruietMi prublern )o equfvalsvt to 
aoivoiij Til matrix cwnpleUst prnbUont m die Foufler 
do 01 am 


mfn 

eobjert tot,, * ♦U j>^ FI 


tor 9 1 2 Ni 1 tooe(ore hma^ omptrlain pmblsv 
Wldi tubal aajnphng la eitsvtiaUy the metrU euoipletwrv 
irnoi randeen aampUnga oF each aln m die Fourier 


dumoifv Then we on doaedv ute die neult u( matob 
cumplebaei here 

Suppoa there are p dilrd^ltDisieaunal tiA^ ot M i^ 
M^fT^pied acmfdtog tDthe bemoulU ntfdeL 
which meoit each tube irv die ttfixor le aanvpied with 
pntoabUitv p mdepend^vt of dw ntho lub^ Ibtfv we 
Ktve the tolluwmg themfm* wloBi alto tppotrt oi QT|« 

Theoreei 13, liF M to ae ri i a >fii btuvr unJ ila roluod 
hSVD d ;fTttoT ^ M s U • V lAm U ^ k** 

S f V'M V F Sb;fputo oich 

w/^frea do Rttlrix uoak bicJomtrurxljhen otdr 
parMrrirr > 0 7 ton Itore rcuU emtoxw > Q 

fetch itor 

^ Wg'kg't"* ♦I 3 j 

'^n M ei ui^w mintmjitf uA prsMuZi^ W 

foal I - r|B,ln, • Bjl*" 


A comment on Ihe lar^ereocy condihone lat 
hibel MBipliog In Thoirvm h^e^ aln M m the 
Fiwner donum needs le MeB^nvatni Mi multntu 

ciindiMinSI with pvemHer pn 1^1 ■ iie sU f F 

(I 2 ....n,l, 


4^12 


lU 


.111 




aas: ||V**' o,l|i^ 7^. 


( 2 ?) 


Si a 


where e. d^jlM dw wth standard hM» to K*. Note 
thti torUlortv to our tontor ate I ^ ^ uuB{nien^f/r 
Howvven tl« matrix incidMena ne^Ucet rd 
bun |27J it not et^ivtlent to the etandard lextor in^^ 
Iwreni Cirnditiont ul Equabont to £Kt bom Cqua« 
bua^ we have 


«n* ||U'‘'Vll,f 75: 

i6(i a «)t V ni 


l|U*f , III^ < 


<W| 


Ri 


fi: -j 


fi: 



bteUarly we can M 


lAAX 


^v’.rl 




•i 




which i» mtody the etandard ttfwo toenhewt nev^ 
drburw Mow we cvi conclude our etandard hmaor 
cidierent andltion toon the atbiy wea^ meoheronns 
conditm. but not vice vena tow |2) doet not imply 
&J the ttojidafd bouor bicohenovt rondlti v la much 
weaker and m the Mtowing tecte^n we wUI iM tha 
cioiditaoi lu prove our melji theorenu 
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4 PMOf OF THE MAIN MCSULTS 
1a M»aecbon wc pfuwv Ihe TVieArvoi^] 'llw ouiA idtt 
ij to uac ihfr convex to vmty thal M 19 the 

urd^e fftodDiUffv AurJuf norre sotuboi to ^ 2 f 

Toilffiplity ihe oolfttioft wllhoul losaoi ^(otonlcty. we 
deeuffie s r?j s n tf>d we 4m^t pu9 aav ojbumptton 
9> M I Ait Ihe eeae 7 ^^ f n ^ It ui proved vt the eA^ct auie 
ffianrar 

EMiee cijnOAUif^ Mtie ftotetojna whidv are oaed 
ei the pjTOot fined to be mcrboned Detuie a roJidovi 


VAri&hle ^ 


s 1 


aiei> 


whn 1> . to hhe 


hffvttoa Define a prujertton 
M UlMViL 


B 5 ~ -^.,**, 1 **. •**•«, 


BtdJatuc 

I....... 


530 ) 




DetlM Afwlhtf rwu profwUista 9r uid )>r» ^ Uh>w«, 
- u.u' .l.V. v' 

9 ,.iZt=-L- 9 Tt,Zt 

= |3 - U.U'). 1 .< 3 - V.V') 

Mhnr 9 is t}v identity tenanr of eiee n < n ■ nj. 
NoUrc that fu* any j4.3i « ^ have 

l^)) = It is stnl^tfurward to vBtfy 
hua the deflnllinn In the Anarler domoiik 

SfSiJarly to tiv oulrU cnmpUlMn cose, we nmetruirt 
* tensur J\m! vt^ute and iJww kl ada^v c^toin 
cundfdiBis Wedehne s nonn fut tensors* tt mhan 


Pfoof ofTheomn^^M now procciai our piool o( the 
motn IliBurMn 


I'ruof 'Hk main Ida Is we wont to prove ante dase 
rsnditHmSi tor any Z supported In li', ||M • 2|r ma > 
iMllrbA* 11*e Fallavdf^ 3 locb an used In uie main 
proof 

Fart 4.1. WlrvA = njfopj,B„,yt.Sj, ii*m! A.9 e 
k**'**’ Spendcs/Ie, if ttu hSVt) uf A a girvi iy A b 
U • 8 • V , iJvH tn S B U > T . ||9| < 1 W 

uv fuue Oj pi. s IniB'lS) b |>1J| 

Reall that for matrU case, we have |.4||. b 
top|.£l«, (A. d). where A d g K*". Ihen dL [art • 

IW|r*A=|A||. B sop lA S, 

| 9 |* I 
BI.J sup (.4.*) 


Defiito the t-SVD of ^3. Bb« b U, .S_. 

k«}wR k**'**’ such that9^(2^ b dlhsv use 
the fat above we have 

\\ 9 ^. (a)tlT-A = nsfUa • . 3*,. Itl J (3i) 


the toriMt ft* nofW of the tofnjur aav or iKAsce column _ _ ..^^.. 

_ Fed 4-2. « r#v*niaX*V^-rU. *v!.5pt^ 


rd t thJfd^TAjer ta'iMf 


8 wtft* 




The fuklovnn|f pruposaberi and Isruna doeody support 
tt« pnart uF Ihe ouan Iheursn and wiU be proved rn the 
appends 

PeoposiliiRi 4.1, Sup^wv p autwla f?7|, iton fawr M n 

Hw uiujur nuunib* hi 0 ? if tite hBaj^fg, ovidinuris 


Store 9>)(U) b U and 9>£.rU.) b U.. we have U 
U_ B It and avUarly V* V. b IJ by defbuborv. 

Tbs' ll« fact nji be verthed by the MtoiAinii 

rr,{U.V *U. .V.,M> 

Bni{U.V *U..V.,U.«.V . 
BMafiOV’ * n.Vl r TKT' k 
B«afgk=||M||TA- 


J ||»jJUi 5 'r- 3 ^lL,< 


Fad 4J. ||U>V' 'U. . Vlll b | 


1 Thin nits i Cenoor M ineh » V if^ 


Conover e malrlA Q auch lhat 


i») -u.v'iip< 5 ^ 

l|yr.lV)ll 5 ^ 

Leaina 4X Jiepputo < q. '^n fur 

liny 2 sod) iitat 9q |2j b n, r here 

^ 9 ,. ( 2 ] IlM* > ll^( 2 H|p 01 ) 

ijiiM wry kfgh praMuIify 


y = ir?‘ -n.v] » ( a q. ) | J, 

Store a O. B tk and ?'V. b |i, dw above c^f^too 
is Ihe matna scnppalar value demnpaibon of Q, to we 
luve 

iiu.v -a. .v.ii B||UT-* -n.TFj 

= lHfli = i 
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Now using the ab«jve iacta. giv«v «ny 2 ^ 
e 4 Kh Ihet 9 'ul 2 >l s u, we heve 

U.v -U. .V, W -2 

HMlIrv^ -A.U.V -U. .V. 2 

*|M||rN.> - ni'U.V J'*(2i; 

- fli.U.. V. ?r.i 2 i; 

^IMIITNA - n»'U.V J'*( 2 i: 

- A».U.. V. ?r.i 2 i, - ",,S 2 , (M) 

s;M||rN.>-n».'U.V tnt)'. 

-n»!U..v. -rr.iVjyj.ct)) 

»|Miir*«, - . 115 * -f 7 i 7 i f 7 ^» 

- I^r. V - ifTT^Y (35) 

• ttlT' -^l|,|l^fll* 

* - |#77i^;|||#7^'il. W 

s iMlIfN, - n»||U. V' - > 7 (»l|lF|| 3 ^(ail|, 

•l>r-ia>iij>v - |yr-iVlllll>f-<a'lrs. 

' iMii T\h- ») I r • ;ll»r- <^)\\r v.> ^ 

AfKIii £ 

•IMlir\A 


where w> HmI U Iji ^ u a towoc dual 
cernhcele auppurUd Ui (tndt thaT^i^lV^ - V ^ it 
u eaey h> >how {2 V' ‘ ualP^ tt« etandord baaU 
decianpmbim. taa equadisi And la 

baaed oo the li>Jiiv.ify( Iwu [orb B»t any aame eiae 
fnaknnai A and U 


l<4 N^l < |A|l,a||fi|,. 
* a: *. iA\\\u\. 


usM the LondiSon 7 ol 


?fpp«jbQn [TT] 

TO« « a. 


md ( 3 ?) 

'fhtretwVf tvr aav X 4 M obtyinj 
M have iftli?^ V ^ IiMIt ^ Se h0« M A th« (oi^ue 
ffUfumilcT i/t (22). ffnd prndf 


□ 


5 NUMCf^lCAL EX^eftlWENTS 

Ui defm^nstrdtf our cvwiltv w^cuoJoctfid jooi^fiuDien^ 
c^<^pt^nrru0ib Uj ncnverd !^rd nidtf bsiuiri/f ditfowt 
M 2 tf Q| X Oj X inJ tuLw^jAJikd truv obvrved 
ffiMA i^ir oodv opisode H'o j « tij « Nj 

randovn ^mor li-d iVtiiftiTT tfvbiWi ptfrfu?vi^ t 
i^SVU uF ita tl« iiat r M^ulor Mbcs Aid got M 
Me AAmpled ni jxtnq wufoc?rJy et rAiuluvn end 

trv ^ f»fpvg M lalP g [2Z| MV caII die tuluten !Cii U the 
rebbyeeqUAfe orur tAsf) |lXi ^ M||/^:|M||/ * 10 
tlwn H*e 9Ay the nwtry b eurwL We rep^bd uw 
fe^^erijiwnle 2D bmee And die naulb Aie eJiown cn 
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Pip fnAem aII the e%ptfnff>enb FAiled The hjpice 
M the KE plot uf 0ie Ivplcel run (d die tmulatidv l^oc 
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dtfwbs 1 And whJte denolee U 
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^ pcArtKoJ AppIcAtkjn we tebd o Algorithm Toe 
Video deto complebuo hooi ciodooiJy nujao*iK entnei 
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ui ttb vidod b 144 * DO « 00 and we rAnduvrily AAinpled 
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The reeuJt u ahown Rguie^ Mb rwipAc^ rrtebve 
aquan error (KSC) oi eAch approArk w our ecoiulabun 
AT^ tt« nvult is lA Table Q wh^ alanva that both our 
appruich yietde a better periunitonB over the olher 4 
methods In the ecpenff>ent 







6 Conclusion 



u. 


Fi|( y Tht TiOlh i4 bvfMif c<wvptobtfn Tvwlt iin 9 

btak«tbal) vMJe<> (aJLefl The un^n^t v)Se(V lalRi^l 
Sampled % idee ()0% sajnpltf>)C r«tel lb>LrN h{jtri« rren^ 
plrh<ei on etch h^rr^ (b>lti^t UCTC methud lr)Lefl 
Tens^v c\xnp]ehce> by tbemjftfiucv Cf uain^ 

Tuckef Jevmtpo«ibun {<)Ki^t Tensor rompk‘bon w)d\ 
random sampling hSVD (d) Tensor <on>plebon 

With tubst aampbr^ osm^ hSVD 


oiiyiiea AIIIUII 

mSl 

iienieKoeytofanoAaooa eai^ 


UliC 

atxts 

TWm <^yJelM U IWWi iMd Vf 

Artunrit» fiyHeiiaiMei 

aiB 

TW^n q:nyiwecn wm aaff^ 

vw 6VC 

aans 

vy AVO 



TaUS 1 KSE <d <4 tensor romplebon result on the 
btaketbalJ v>deo 


li^ this p^P^ have stwvrn that under the cevtajr> 
XertoOr &andard Irvoherent rorsditsrei. ortt can per^tly 
recover a tensor with bov tobal^rmb. and eitibbsK a 
theorebeat bour\d hv exact eomplebor> We compared 
ddterent t 0 s«or romp]ebor> appKWhea o> eapennserd 
ar\d showed that ourn^thod yi^se better performance 
over the others on some real data lets 

Our results ir\dieate that for tensors <4 rnuderate urdev* 
t*SVD car pn^ide a rumputahorselly a^ well as the<K 
retscallv sOur\d arsatrsis framework h{ore<vver. ei ths 
hameworh the tools and metfe^ds develuped Id deal 
with predicborsarsJ learning prubhms for matrices us)n^ 
vector space mededs can te adapted t> obtain relyble 
perhjm\jr\ce euararstetH 


|i| M KWrrnt X N rmJ 9 

A eeeMtc^l asdeemiwUltfeui 
w\'^ rer o fiXAM (lev^srt (v Mrr^ 4 l 

^ 14^)7Z MU 

Ul / U Sly, ^ Asce^ N Hm, M M 

tt«ei^6asreiuieitiBtf JMac^p4rMei M JMo4Hngarwe an 
e erAWWejv ^ile ^CF£ rrefi ii s< os Cr«e*^^ 
Wmn eel ^krs A^sUmv. ^ CVfA )4, MtA pp Je4£«>Mae 
ri ^v net SrtMr C0k9*^ mf 

S^ysf ei CaaipuUMJ M^eevotes Mtt 

Ml \ liiuiruJ M A AM ^fTHAlL A tniM^npan 

sweioa tor low liiik eueat comp4ravi.* ei AtMie/s ^s AVvrW 

£01) ^ 40MU 

I s| N brMS > ftiavio^kii»Tae|Mnw4iy oi 

r^d ^1 ii> tfiiivieiAiM ^ppiK^i^fSv* CrSe>iuisiKW. voi l& 

• ♦ IK 2V' 

K| • M ) )eid«ri« ^fcsriUev^futr ttinvan 

•nj iiNni isW<a<e> kea^ulnpy 

i*.^ii> ind ^ vMpHr«ij. >^i Xk 1 ap £31«2SL £Xl)b^ 

1^1 T KMa I Wjrv asccw^poweoite tor viulii 

export d«s mvieie,' n Orrr lUmify MA 09 TieMkiFir 
Gu^miu m. D& 3Q)e S4Wn 
|>^| I wifv v f ipodaiiUM < LiN S a Uu. M ^ tjun. 
'Muiasu Comie bMid so<wJ asb^M sifioriHan PiioueK 
swii^w^yvMJ Mfysk/ei Pw««AMe>r(M< StAMJnrwMTM^ 

(V ££^ ne ApfJ » M4y I m9 

9piri> V.M UXA. 2D:* )0*^ia7S 

(e| r bu. r* Mu»4^i»4t. r a/y) ^aiM<oa9ieed(i ^ 
w^bMini ihtosy sokM IK At^ff*** esT 

iVlivIbrv JnkiTt^s«/ /tCt Osm^Jenw <■. voJ JS. M I pp 2 )tU 
2 D xin »n 

|I0| & I Landis aiy 1 )U«4c *D^s<t eums comptrtnei vu creivas 
iiper^fiiinfi" cmms* acr vac a. ia i. pp l)l«)ie^ V12 
(111 a ascR ""A ^pbr b OiUAs coMpMtfi,* ^nyr ^ 

Abrtsrv vac ) 2 , pp 34)3-44M»2D)) 

(12) T C aoUr yy 1 W a^t repay&*Kssu a/y appli 

StAM ntVSlW, val V ^ AA-JW 2m 

|I2( V & ^va a^y L«H aen. 'Wa*or r^kand ey ^pOwdrewoX 
DeM appeasiMO^ pi^bec' It/W r MairaAsai 

Ayd. «oi R \ mk 

|I4| L CaaaJy<4» ""Htanw^ul^iryuJaf vda« aarany ^iXe at tm 
SX/Ur ) Asai /V^ val 3) rtt A pp 2D2e-2CaA 

May 2C10 

[lli C)b«i|,L Mu.DC^ttchM| WriaR^fiMbb low.iarD 
toi^f lac^arv.' C^yiinnoitaw Otiliiu, p A£St MU 
()i| S Lird>» a AscR M C Tamad< *^ts^<oeyJaHao M low 
iw^ink iMUOf resovafy \ a apiiayi^ltfei^* hwti ^ AiaPiww^ 
«aC £7 no t p 02MKL MU 

(IT) C NracA R Cyfa%yn« T S^vdayleR aodi Taman* 

sa^ aa eisi^D- hariDaiayeiwea* ovsa piwy ArM ^ 

May 2D)a 



lt$| D F UUM C (Mt. Mi r M Vvili. 'TFr Mi 

Ik ^ ^ M<(iy^tel/ Lk^t At^turir 

^i^ii^V 2II» \ ^ 4U3)^Zni 
|}1| C NU • Hu^A^ ) 4/y Q Ci^ A 

LdarP 4 /y #akA6lk#B (Af yAtoPf«myf|;* u« 

PMi fdM. OWtf 3T ?b f9m VU. V« pf TM) 

|tt| F /MA Ml 9 uC TAfVilfU ^i4i 

lUy.* V iFimn A» JfrwtJ fa^Mwa Faakmm;^ S\Mki» 

Z CJwKpmml M WI(^(*Lr LiP^ N LjwwpP. 
k#|0t&iA CuMi to 

[2l| X XiuteoftiuMK M A SMiv fyn M toM 

(MfJeUim \U ^perv ^ ^ ^ ^ 

L aPM ^ K Q rrrp^g If. ai&. 3DU ^ 

Btt FK 

ia| L D Kji^tofc^>%i 4 *rv4liJ 

I* UMMr cMPi|*W< V py CJ bi*iai.* 9^ VII 
[231 r Cju« P MuMUkk P ^IUAU« arkl) 1v. ^M^MiofyiOn t* 
^tatotiil toMBu vaJuui ip vimJ dJU* ft%£ 7 >totoiMw «« 
FttPM AmI^ W 4gAjiPk< li to (. aM^ 

Z2n. VU 

[2I| a aAPMPMM 4Pd li f^4U *A MW mwA ^UUto tv 
IflPM AtopWtt#!,"" Pi <UHiuAi w WoMI l^iautoiai Ptopu^ 
S^Mkto iK 37)li ♦ImwI Oi^hwiKV m ISVwp/ Ftofttouf 

S>i^to JF)J PlMdiii|« 4f a iWifim kU ..lull 5~t X?J. U4r 

fpkw. fStoM l|nW SJPp, VU. |if MPOPX 
|2S| M Utoit ^ aNMi»4<«J Hkx. nisAJ ynivf IttoOcpa^diMr 
Mto to lolryto A DtfMUuJ tfJ dMiF^apUtottJ tetontotlu* 
T^i CMtowV te. raauf^ 

a&i 

[a| C 0 UiflK a 9iA/0t 4 aJ l lAiau* ""An p toM 

UiPiAMlAM wlit ypii^UM P ILW r 5vipil|«v 

Cai^iii^ VU 

[271 O &v\J. N Km. M g Kjbto/^yyj t L UJUr. ^^rwrU^wi 
tepyLlM Mi Mm KMUHAauto (dr tiiilff Mf^p* 

rtoipiM toui^papH^* CaU vyr ab4/)X7iM 2019 
[29| Y Otok ‘ViiJMfyni fipIP i] iMU etofiLPlM* GiU 
M/UinaiFV afu 

[2I| a f Cp^k X)4 niw fyiim 4f utov«« /k**/ 

OpLlteJ iiiuiBdMplMtoV"" trai ayrtto^wyyH JB,lMP^Wi T*^ 
py. voC 9A to i Fp aWMft 2S)F 
|ja| 0 Camp ypd V Namy^ VA atoiplPig wiMul r^lAlMd 
Ml • toyy ^btooa tM CuU» yyJ ate/tW VIA 

aaa 

[a| Uix V Agporwal* A WtoL & AtffM M W Y HSj. *nw« 
gatodP UicdAiPlUn wdJiplPFF^) puwiunci ft 

pPPUua"" ^wpiralbti 

|I3| f *P Ca 1 i 4^ A 9tok 'A ik^iUr \4lto Pmi^ilAf 

(»»laaiMjr iiiapUtovv* 54AA11 Pi LV4iwtohyM» >^ 2a 

to A to Mpf 2fi)0 

(VI 0 Ammc M MMvto. tod a Yai^vy>c^ *Lyw^A 
ItoM (toipUlku by toitoipyto «yiavwAili4A* TikK Fyy A 
B4 

[>l| a AFOm*^ mJ a H>Pt ""Slrtof vtoVtoM tv tttoUlhJUto 
Otoyyli/ C£f iVdPMiPHi «■ jH,bmiM TPmt^ 
M4A to i Fp 

|i 0 | r A 1 Xto. nJm iijiPdty laU luNib yt 

■wbbM"^ CvMpyr MPb^ tol )Xto i 200-43^. Au* 
Ml 

|JF| 0 (toM ^awpwmit to A jwaiPito toto to< rr^iliW^ m 

^ bito"" yy 71«py. 07. to A 

Ff K1I iw nni 

APPENDIX A 

PnOOP OP PPOPOSmONirmCOWPITlOK 1 
l^e loUimUg theurwi m tUjI dv\'e]up«d Bi ITTt and wtU 
b« uaL*d tra^txsvtly m the iolbiiVin^ pnxit 
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ca at iLmetiMm 4i • dj Sup/<e^ 
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Mve e^^e, W)U nt^orv a ativ l^isor evep^ ior |j«j«X)lh 
enby equelvu 1 . we beve 
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A*»<i I* (Z., • JI ** •»“«•«• timlJatly 

Tbei iMe the edawlrm of T^eoresi A.I. hr any H > 0 
Mhjve 

ii»„iai-aii = is:;r^- s;i 
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dy\WiL,. 
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Ua t}w deilnJtim ^ And the Incnhew^ Cijndjborw 
we an wrHs 
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8 btfTJUl 

t^hfon^js j A^Oiito,,^] I ii bvupdsd by the «urt 
MUM ^udbly iiijve the spstrel noon irf the vector o^/i 

M fipiiJ to itj ncvui. then use the exhfnelim Theofvov 
pCT| wv 1iev« for tj%y r, > (K wr have 
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< t/4r(^lo6(fmj> * r.A/ If^jnij) 


>7(a) a glvm by 

(y»3t<»yf ISJ - Co • fc • e»' > 

=5:«"‘ 
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W» aho hav« 


ill 

P 

l-» 


M 


t ' 


TV\Bi «M Tbeorvoi A.1. we hove 


P ^(y7Jlo>r(S^-yrlllU 2 jll^U 

fot 9096 s larpg ^OWU^ jiVCO p oSUafyiT)^ 

(24) Thei the wikjp bound on eveiy iu.ii.clth 
0 ^bv we have ||l7r^^r -9rK^)lk i sl&lU Huids 
wt* prubebJjty a« least I - 2n*''>**‘n,*^''*''. 

D 


huJ^ with prebebibty at i ^ hw rj 

laru? enoufih^ 

We a/i also do the seoie to the hsMOr ivws • 

ame bound Hw 
ufin;^ a union bound over aU the temor colborms oid 
touor rvws. tio ewiit hdds with pfubsblUty at bat 
I « Wilh tsf^ enough the pfubabthly 

pa u-t to ato >ebud> hittshes the preoi □ 


Feooi oi Loioia 05 


Prwf Obws'e that 

TrJltfP? it) = V • *t • C) 
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bo see have ttui any (a,ik.e)lh mby uF - 





























